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GL VERLINDE NUMBERS AND THE GRASSMANN TQFT
ALINA MARIAN AND DRAGOS OPREA
1. Introduction
These notes are concerned with moduli spaces of bundles on a smooth projec-
tive curve. Over them we consider determinant line bundles and their holomorphic
Euler characteristics, the Verlinde numbers. The goal is to give a brief exposition
of the two-dimensional topological quantum field theory that captures the struc-
ture of the GL Verlinde numbers, associated with spaces of bundles with varying
determinant. Our point of view is to emphasize the close connection with another
TQFT, the quantum cohomology of the Grassmannian.
Two different geometries are related here, the moduli of bundles on a curve C
and the space of maps from C to a suitable Grassmannian. The connection be-
tween them was established in the classic paper [W] where the open and closed
invariants of the GL Verlinde TQFT, in all genera, were exhaustively written in
both geometries. On the mathematical side, it was shown [A] that the underlying
algebras of the two TQFTs are isomorphic, as the genus zero three-point invariants
match. Importantly however, the metrics of the associated Frobenius algebras are
different: quantum cohomology uses the Poincare´ pairing on the cohomology of
the Grassmannian, while the Verlinde theory uses an intersection product on a
space of higher degree maps from C to the Grassmannian. The TQFTs therefore
turn up different invariants overall. The higher genus GL Verlinde invariants, open
or closed, have not been systematically written down in the mathematics litera-
ture although they were shown in [W] to have compelling closed-form geometric
expressions. We found it useful therefore to render the results of [W] in standard
mathematical language, also with a view toward future studies of q-deformations
of ordinary two-dimensional Yang Mills theory.
The exposition is organized as follows. The central point is presented in the
final Section 5, where the Verlinde TQFT is explicitly written. Prior to this, we
recall briefly the notion of a two-dimensional TQFT in the next section, then we
introduce in our context, on a smooth projective curve C, the two spaces of interest:
the Grothendieck Quot scheme, and the moduli space of semistable bundles. We
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present the former here primarily as compactifying the space of maps from the
curve to a Grassmannian. Relevant aspects of the geometry and intersection theory
of the two spaces are discussed. The last section studies the relation between them,
in the form of the GL Verlinde TQFT, which we also refer to as the Grassmann
TQFT.
Acknowledgements. The notes follow a series of lectures given by A. M. at
the Geometry Summer School of the Instituto Superior Te´cnico in Lisbon, in July
2009. She thanks the organizers Ana Cannas da Silva and Rui Fernandes for the
warm hospitality and fantastic time in Lisbon during the School. The paper was
written while A. M. was visiting Harvard in the fall of 2009. Partial support for
both authors was provided by the NSF.
2. Generalities on two-dimensional TQFTs
We consider the category 2Cob, in which
(i) the objects are one-dimensional compact oriented manifolds i.e., finite
unions of oriented circles;
(ii) the morphisms are (diffeomorphism classes of) oriented cobordisms;
(iii) composition of morphisms is concatenation of cobordisms;
(iv) there is a tensor structure given by taking disjoint unions of objects.
Let VectC be the category of C-vector spaces. A two-dimensional C-valued
TQFT is a symmetric monoidal functor
F : 2Cob −→ VectC.
There is a basic vector space H in the theory, representing the value of the functor
F at the oriented circle S1. In addition, F associates to the empty manifold the
vector space C.
The datum of the functor is equivalent to the structure of a commutative Frobe-
nius algebra on H . By definition this comprises
(i) a commutative associative multiplication
H ⊗H
•
→ H
with identity element, and
(ii) a symmetric nondegenerate pairing
(· , ·) : H ⊗H → C
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satisfying the Frobenius property
(a · b, c) = (a, b · c).
Indeed, if W ts(g) is the genus g cobordism with s inputs and t outputs, then
(i) F (W 12 (0)) : H ⊗H→H is the algebra multiplication,
(ii) F (W 10 (0)) : C→ H is the identity element,
(iii) F (W 02 (0)) gives the pairing (· , ·).
Viewed as a cobordism from the empty manifold to the empty manifold, a closed
surface of genus g corresponds under F to a homomorphism from C to C, thus to
a number F (g),
F (g) = F (W 00 (g)).
Let us assume that H has a preferred basis,
H =
⊕
λ
Ceλ.
The vector space H⊗s has a basis eλ indexed by multi-indices λ = (λ1, . . . , λs):
eλ = eλ1 ⊗ · · · ⊗ eλs .
We denote by F (g)
µ
λ the matrix entries of the cobordism homomorphism
F (W ts(g)) : H
⊗s −→ H⊗t
in this basis. We thus have
F (W ts(g)) : eλ 7→ F (g)
µ
λ eµ,
where λ, µ are multi-indices (with s and t components respectively). The TQFT
is equivalent to the data of the numbers F (g)
µ
λ satisfying gluing rules which reflect
the functoriality,
(1)
∑
µ
F (g1)
µ
λ F (g2)
ν
µ = F (g1 + g2 + t− 1)
ν
λ.
Here t is the number of components of the multi-index µ, which is summed over.
3. The Quot scheme QC(G(r, n), d)
Let C be a smooth complex projective curve of genus g. We let QC(G(r, n), d)
denote the Grothendieck Quot scheme parametrizing rank n−r degree d quotients
of the rank n trivial sheaf on C. A point in the Quot scheme is given by a short
exact sequence
0→ E → OC ⊗ C
n → F → 0.
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While the kernel sheaf E is always locally free, the quotient F is in general a sum
F = F ⊕ T,
with F locally free and T a torsion sheaf supported at finitely many points of the
curve C.
The quotients F which are locally free form an open locus in QC(G(r, n), d), and
can be regarded as degree d maps
f : C → G(r, n)
from C to the Grassmannian G(r, n) of r planes in Cn. The Quot scheme may be
viewed as compactifying the space Mord(C,G(r, n)) of degree d maps to G(r, n):
Mord(C,G(r, n)) →֒ QC(G(r, n), d).
3.1. Examples. When C = P1 and r = 1, the Quot scheme QP1(P
n−1, d) is the
projectivized space of n homogeneous degree d polynomials in C[x, y],
QP1(P
n−1, d) ≃ Pn(d+1)−1.
In general, when r = 1 and C has arbitrary genus, QC(P
n−1, d) parametrizes
exact sequences
0→ L→ OC ⊗ C
n → Q→ 0
where L is a line bundle of degree −d. Equivalently, dualizing such exact sequences,
points in the space are degree d line bundles L∨ on C together with n sections, not
all zero:
OC ⊗ C
n∨ → L∨.
Let Jacd(C) be the Picard variety of degree d line bundles on C, and let
π : Jacd(C)× C → Jacd(C)
be the projection. For d sufficiently large, d ≥ 2g−1, the push forward π⋆P of the
Poincare´ line bundle
P → Jacd(C)× C
is locally free, and its fiber over [L] ∈ Jacd(C) is the space H0(C,L) of sections of
L. In this case,
QC(P
n−1, d) ≃ P((π⋆P)
⊕n)→ Jacd(C).
Although for arbitrary r the Quot scheme does not have such a simple descrip-
tion, it remains true that the space is well-behaved in the regime of large degrees
d:
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Theorem 1. [BDW] For d >> r, n, g, the space QC(G(r, n), d) is irreducible,
generically smooth, and has the expected dimension.
3.2. Structures. As a fine moduli space, the Quot scheme carries a universal
sequence
0→ S → O ⊗ Cn → Q → 0 on QC(G(r, n), d)× C,
with the universal subsheaf S being locally free. The tangent sheaf toQC(G(r, n), d)
is given as
T QC(G(r, n), d) ≃ Homπ(S,Q),
where
π : QC(G(r, n), d)× C → QC(G(r, n), d)
is the projection. The obstruction sheaf is Ext1π(S,Q). The expected dimension is
e = nd− r(n− r)(g − 1)
by the Riemann-Roch formula.
The Chern classes of the universal subsheaf are natural to consider for the in-
tersection theory of QC(G(r, n), d). Fixing a basis
1, δ1, . . . , δ2g, ω
for the cohomology of the curve C, we write
ck(S
∨) = ak ⊗ 1 +
2g∑
i=1
bik ⊗ δi + fk ⊗ ω, 1 ≤ k ≤ r,
where
ak ∈ H
2k(QC(G(r, n), d),C), b
i
k ∈ H
2k−1(QC(G(r, n), d),C),
fk ∈ H
2k−2(QC(G(r, n), d),C).
Note that
(2) fk = π⋆ck(S
∨),
while for p ∈ C and
Sp = S|QC(G(r,n),d)×{p} ,
we have
(3) ak = ck(S
∨
p ).
When d is large so that QC(G(r, n), d) is irreducible, top intersections of the tau-
tological a, b and f classes can be evaluated meaningfully against the fundamental
class. For arbitrary degrees, the Quot scheme may be reducible and oversized.
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However, intersection theory can still be pursued in a virtual sense, by pairing
Chern classes against a virtual fundamental cycle of the expected dimension, which
the Quot scheme possesses:
Theorem 2. [CFK], [MO1] The Quot scheme QC(G(r, n), d) has a two-term per-
fect obstruction theory and a virtual fundamental class of expected dimension
[QC(G(r, n), d)]
vir ∈ Ae(QC(G(r, n), d)).
Proof. We show that the tangent-obstruction complex for QC(G(r, n), d) admits
a resolution
(4) 0→ Homπ(S,Q)→ A0 → A1 → Ext
1
π(S,Q)→ 0,
where the sheaves A0 and A1 are locally free. The virtual fundamental class is
then standardly constructed as described in [LT], using the two vector bundles
A0,A1.
The resolution is easily obtained as follows. Let O(1) be a degree 1 line bundle
on the curve C, and denote by S(m),Q(m) the twists of the tautological sheaves
by the pullback of O(m) on C to the product QC(G(r, n), d)× C. Let m be large
enough so that
R1π⋆S(m) = R
1π⋆Q(m) = 0,
and so that the evaluation map
π⋆
(
R0π⋆S(m)
)
→ S(m)
is surjective. The pushforward sheaves R0π⋆S(m), R0π⋆Q(m) are then locally free.
Further let K be the kernel
0→ K → π⋆
(
R0π⋆S(m)
)
⊗O(−m)→ S → 0.
Applying the functor Homπ(·,Q) gives
0→ Homπ(S,Q)→
(
R0π⋆S(m)
)∨
⊗ R0π⋆Q(m)→ Homπ(K,Q)→
→ Ext1π(S,Q)→ 0.
Continuing this sequence one more term we get Ext1π(K,Q) = 0, so the sheaf
A1 =def Homπ(K,Q)
is locally free. Also,
A0 =def
(
R0π⋆S(m)
)∨
⊗ R0π⋆Q(m),
is locally free. 
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3.3. Intersections. In this section, we will consider the (virtual) intersection the-
ory of Quot schemes.
We start by pointing out the compatibility of the virtual fundamental class with
the natural embedding, for p ∈ C,
ιp : QC(G(r, n), d) →֒ QC(G(r, n), d+ r),
given by
{E →֒ OC ⊗ C
n} 7→ {E(−p)→ E → OC ⊗ C
n}.
A degree −d− r subsheaf
E ′ →֒ OC ⊗ C
n
comes from QC(G(r, n), d) if the dual map
OC ⊗ C
n∨ → E ′∨
is zero at p. The image of the degree d Quot scheme inside the degree d+ r space
is therefore the zero locus of the dual universal map
O ⊗ Cn∨ → S∨p on QC(G(r, n), d+ r).
This relationship is reflected on the level of the virtual fundamental classes for the
two spaces. We recall that ar is the top Chern class of the universal subsheaf S∨p
before noting that
Proposition 1. [MO1] The equality
(5) ιp⋆[QC(G(r, n), d)]
vir = anr ∩ [QC(G(r, n), d+ r)]
vir
holds in A⋆(QC(G(r, n), d+ r)).
The intersection theory of a-classes is well understood. Top intersections are
given in closed form by the Vafa-Intriligator formula. Furthermore, in the large-
degree regime, the intersection numbers express counts of maps from the curve C
to the Grassmannian G(r, n), satisfying incidence constraints. More precisely, we
have:
Theorem 3. (i) [Ber], [ST], [MO1] Let J(x1, . . . , xr) be the symmetric function
J(x1, . . . , xr) = n
r · x−11 · · ·x
−1
r
∏
1≤i<j≤r
(xi − xj)
−2.
Let P (a1, . . . , ar) be a top degree polynomial in the Chern classes of S∨p . Then
(6)
∫
[QC(G(r,n),d)]vir
P (a1, . . . , ar) = u ·
∑
λ1,...,λr
R(λ1, . . . , λr) J
g−1(λ1, . . . , λr),
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where R is the symmetric polynomial obtained by expressing P (a1, . . . ar) in terms
of the Chern roots of S∨p . The sum is taken over all
(
n
r
)
tuples
(λ1, . . . , λr)
of distinct n-roots of 1. Here
u = (−1)(g−1)(
r
2)+d(r−1).
(ii) [Ber] When QC(G(r, n), d) is irreducible of the expected dimension, the above
intersection counts the number of degree d maps from the curve C to G(r, n) send-
ing fixed distinct points of C to special Schubert subvarieties of the Grassmannian,
each Schubert variety matching an appearance of an a-class in the top monomial
P.
The intersection numbers appearing in Theorem 3 were written down in [I].
Mathematical proofs have relied either on degenerations of the Quot scheme to
genus zero, or on equivariant localization. Degeneration arguments use the enu-
merativeness of the a-intersections in the large-degree situation.
By contrast, intersections involving f -classes do not give actual counts of maps,
and explicit formulas for them have been relatively little explored. To describe one
such formula, we let
σi(x) = σi(x1, . . . , xr) and σi;k(x) = σi;k(x1, . . . , xr)
be the ith elementary symmetric functions in the variables
x1, . . . , xr and x1, . . . , x̂k, . . . , xr
respectively. In the second set of variables, xk is omitted.
Theorem 4. [MO1] Letting Dl, 2 ≤ l ≤ r, be the first-order differential operator
Dl = (g − 1)(r − l + 1)(n− r + l − 1) · σl−1(x) +
r∑
k=1
σl−1;k(x) xk ·
∂
∂xk
,
we have∫
[QC(G(r,n),d)]vir
fl · P (a1, . . . , ar) =
u
n
∑
λ1,...,λr
(DlR)(λ1, . . . , λr) · J
g−1(λ1, . . . , λr).
The sum is over all
(
n
r
)
tuples (λ1, . . . , λr) of distinct n-roots of 1.
It would be very interesting to generalize the Vafa-Intriligator formula to include
all intersections of f and a-classes.
We turn now to a discussion of the second geometry of interest.
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4. The moduli space of semistable bundles
4.1. Basics. We consider vector bundles of rank r and degree d on the smooth
curve C. We recall briefly the main facts in the moduli theory of semistable vector
bundles on C. The family of all vector bundles of fixed topological type is not
bounded, as one can immediately verify looking at vector bundles on P1. A notion
of stability is required to get a bounded problem. For any vector bundle E, its
slope µ(E) is defined as the ratio
µ(E) =
degree(E)
rank(E)
.
A vector bundle E is said stable (semistable) if for all subbundles F →֒ E,
µ(F ) < µ(E) (µ(F ) ≤ µ(E)).
It follows easily that
Lemma 1. (i) If E is semistable with µ(E) ≥ 2g − 1, then H1(E) = 0.
(ii) If E is semistable with µ(E) ≥ 2g, then the evaluation map of sections
H0(E)⊗OC → E
is surjective.
Proof: Indeed, by Serre duality, H1(E) ≃ H0(E∨ ⊗ KC)∨, where KC denotes
the canonical bundle. Let L →֒ KC be the image of an assumed nonzero homo-
morphism φ : E → KC . E is semistable and L is a quotient of E, so we must
have
µ(E) ≤ µ(L) = deg(L) ≤ deg(KC) = 2g − 2.
This contradicts the assumption, so there are no nonzero such homomorphisms
and H1(E) = 0. Regarding (ii), for any p ∈ C, taking cohomology for the sequence
0→ E(−p)→ E → Ep → 0,
and using the vanishing of (i), it follows that the fiber of E at p is generated by
global sections. 
Fixing a line bundle O(1) of degree 1 on C, there is therefore an integer m such
that for all semistable rank r and degree d vector bundles E, we have
H1(E(m)) = 0 and H0(E(m))⊗OC → E(m)→ 0.
Any semistable E can be thus realized as a quotient
O⊕qC (−m)→ E → 0, with q = χ(E(m)),
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i.e., as a point in the Quot scheme
Quotr,dC (O
⊕q
C (−m))
of quotients ofO⊕qC (−m) of rank r and degree d. The group SL(q) acts on this Quot
scheme, with a standard linearization. On the locus of vector bundle quotients E
in Quotr,dC (O
⊕q
C (−m)) for which the quotient map induces an isomorphism
H0(O⊕qC ) ≃ H
0(E(m)),
stability in the geometric invariant theory sense coincides with slope stability.
Restricting further to semistable quotients, we have an SL(q)-invariant open sub-
scheme
Quotss ⊂ Quotr,dC (O
⊕q
C (−m)).
The GIT quotient
Quotss//SL(q) =def UC(r, d)
is an irreducible normal projective variety of dimension r2(g − 1) + 1, the moduli
space of semistable vector bundles of rank r and degree d. The open subset
UsC(r, d) ⊂ UC(r, d)
parametrizing isomorphism classes of stable vector bundles is smooth and its com-
plement has codimension at least 2 in UC(r, d). For details on this standard con-
struction, we refer the reader to [LeP].
4.2. Line bundles on the moduli space and their Euler characteristics.
Twisting vector bundles by a line bundle of degree 1 on C gives an isomorphism
UC(r, d) ∼= UC(r, d+ r),
so the dependence on degree is only modulo r. We assume further for simplicity
that
d = 0.
All constructions can be easily duplicated in the arbitrary degree situation.
When r = 1, we have
UC(1, 0) ≃ Jac(C),
the Picard variety of degree 0 line bundles on C. Note that for a fixed line bundle
M on C of degree g − 1,
χ(L⊗M) = 0 for L ∈ Jac(C).
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The classical theta divisor relative to M is defined as
Θ1,M = {L ∈ Jac(C) such that h
0(L⊗M) 6= 0}.
Sections of the tensor powers of the line bundle O(Θ1,M) are the classical theta
functions, and
(7) h0(Jac(C),O(kΘ1,M)) = χ(Jac(C),O(kΘ1,M)) = k
g
is the dimension of the space of level k theta functions.
For r > 1, we have similarly, when M is as before a line bundle of degree g − 1
on C,
χ(E ⊗M) = 0 for E ∈ UC(r, 0),
and we set
(8) Θr,M = {E ∈ UC(r, 0) such that h
0(E ⊗M) 6= 0}.
As in the r = 1 case in fact, the divisor Θr,M has a determinantal scheme structure:
for a family
E → S × C
of semistable rank r degree 0 vector bundles, flat over S, we consider a resolution
0→ R0π⋆(E ⊗ p
⋆
CM)→ F0
ϕ
→ F1 → R
1π⋆(E ⊗ p
⋆
CM)→ 0
of the direct image complex
Rπ⋆(E ⊗ p
⋆
CM),
so that F0,F1 are locally free. Here we denoted by π and pC the projections
S × C
π
→ S, S × C
pC→ C.
The pullback of Θr,M to S is then the degeneracy locus of ϕ. The line bundle
O(Θr,M) is the descent of the determinant line bundle
detRπ⋆(E ⊗ p
⋆
CM)
−1
from the Quot scheme Quotr,dC (O
⊕q
C (−m)), with E being the universal quotient.
The Picard group of UC(r, 0), described in [DN], is generated by the theta line
bundles O(Θr,M) as M varies in Pic
g−1(C). To state this precisely, let
det : UC(r, 0)→ Jac(C)
be the morphism sending bundles to their determinants. The following holds.
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Theorem 5. [DN] (i) Consider
ι : SUC(r,O) →֒ UC(r, 0)
the moduli space of bundles with trivial determinant. The restriction
L =def ι
⋆O(Θr,M),
is independent of the choice of M in Picg−1(C) and
Pic(SUC(r,O)) ∼= ZL.
(ii)
Pic (UC(r, 0)) ∼= ZO(Θr,M)⊕ det
⋆(Pic0(Jac(C))).
As in the classical case, the theta bundles on UC(r, 0) and SUC(r,O) have no
higher cohomology, so their holomorphic Euler characteristics give also the dimen-
sion of their spaces of sections. Explicit expressions for them, known as Verlinde
formulas, were derived by several methods, and are significantly more complicated
than (7). The formulas are very similar for k powers of L on SUC(r,O) and
of O(Θr,M) on UC(r, 0). A slightly simpler and more convenient expression arises
however for the twist
O(kΘr)⊗ det
⋆O(Θ1) ∈ Pic(UC(r, 0)).
Here we suppressed reference degree g − 1 line bundles for the theta bundles, as
the holomorphic Euler characteristic is independent of these choices. Writing also,
to simplify notation, Θr and Θ1 for the line bundles O(Θr) and O(Θ1), we have
V r,kg =def h
0(UC(r, 0),Θ
k
r ⊗ det
⋆Θ1) = χ(UC(r, 0),Θ
k
r ⊗ det
⋆Θ1)(9)
=
∑
S⊔T={1,...,r+k}
|S|=r
∏
s∈S
t∈T
∣∣∣∣2 sinπ s− tr + k
∣∣∣∣g−1 .
The sum is over the
(
r+k
r
)
partitions of the first r + k natural numbers into two
disjoint subsets S and T of cardinalities r and k. Note that the numbers V r,kg
depend solely on the genus g of C, the rank r, and the level k.
4.3. Parabolic counterparts. We would like to formulate degeneration rules for
the Verlinde numbers V r,kg . To this end, we turn to decorated moduli spaces of
rank r vector bundles on C. In addition to r, we think of the level k as fixed.
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We denote by Pr,k the set of Young diagrams with at most r rows and at most
k columns. Enumerating the lengths of the rows, we write a diagram λ as
λ = (λ1, . . . , λr), k ≥ λ1 ≥ · · · ≥ λr ≥ 0.
Such vectors can also be regarded as highest weights for irreducible representations
of the unitary group U(r), bounded by k. Further, the lengths of columns in a
partition λ ∈ Pr,k give a flag type on an r-dimensional vector space. Let Flλ be
the corresponding flag variety, with associated Borel-Weil line bundle Nλ.
We consider the curve C together with a finite set I of distinct points on it, and
partitions λp ∈ Pr,k labeled by the points p ∈ I. A vector bundle E together with
a choice of a flag in each of its fibers over the points in I,
0 ⊂ E1,p ⊂ E2,p ⊂ . . . ⊂ Ek,p ⊂ Ep
with flag type given for each p ∈ I by the partition λp, is referred to as a parabolic
vector bundle of type λ = (λp)p∈I . The lengths of rows in a partition λp add the
datum of a set of weights to the flag type at p, and define a parabolic slope for E,
(10) µpar(E) =
d
r
+
|λ|
rk
,
with |λ| being the total number of boxes in all partitions λp, p ∈ I. As in the case of
undecorated bundles, the slope comes with a notion of semistability, and there is a
coarse projective moduli space UC(r, d, λ) of semistable rank r degree d parabolic
vector bundles of type λ, introduced in [MS].
The construction is similar to that of the undecorated space UC(r, d). Its brief
description here follows [P]. To start, let Ω be the open locus in the Quot scheme
Quotr,dC (O
⊕q
C (−m)) where the universal quotient sheaf
Q → Quotr,dC (O
⊕q
C (−m)) × C
is locally free, and in addition each quotient
O⊕qC (−m)→ E
in Ω gives an isomorphism
H0(O⊕qC ) ≃ H
0(E(m)).
For each point p ∈ I, consider next the restriction
Qp = Q|Ω×{p}
of the universal quotient bundle, and its associated flag bundle F lλp, where the
flag type is specified by the partition λp. Let R be the product over Ω of the flag
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bundles for each p ∈ I,
R = F lλp1 ×Ω · · · ×Ω F lλpn .
The moduli space of semistable parabolic vector bundles of type λ is the GIT
quotient
UC(r, d, λ) =def R
ss//SL(q),
where Rss is the open semistable locus in R defined in terms of the slope (10).
We describe natural theta bundles over UC(r, d, λ). One can consider on Ω the
level k determinant line bundle
(detRπ⋆(Q))
−k ,
where as usual
π : Ω× C → Ω
is the projection. Furthermore each flag bundle F lλp carries a natural line bundle
Np → F lλp
restricting fiberwise over Ω to the Borel-Weil ample line bundle Nλp on the flag
variety Flλp. More precisely, the line bundle Np is the tensor product of the deter-
minants of all universal quotients on the flag bundle F lλp. Under the condition
(11) kd+ |λ| ≡ 0 mod r,
the tensor product
(12) (detRπ⋆(Q))
−k
⊗
p∈I
Np ⊗ (detQx)
e
descends to a line bundle
Lλ → UC(r, d, λ)
on the GIT quotient. Here x is a point on the curve (which will be omitted from
the notation), and
e =
kd+ |λ|
r
+ k(1− g).
When λ consists of empty partitions, and d = 0, we recover the space UC(r, 0) and
the line bundle Θkr,M where M = O((g − 1)x).
We set
(13) V r,kg,d (λ) = h
0(UC(r, d, λ),Lλ ⊗ det
⋆Θ1) = χ(UC(r, d, λ),Lλ ⊗ det
⋆Θ1).
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The parabolic Verlinde numbers V r,kg,d (λ) are given by explicit elementary formulas
similar to (9). As they are generally elusive in the literature, we write them down
in detail in the appendix, in the course of describing the relationship between
V r,kg,d (λ) and intersections on the Quot scheme.
5. The GL Verlinde TQFT at fixed rank and level
5.1. Euler characteristics and intersections on the Quot scheme. The the-
ory of Euler characteristics of determinant line bundles over the moduli space
UC(r, 0) is naturally related to the intersection theory of the space
Mord(C,G(r, k + r))
of degree d maps to G(r, k + r), where
d ≡ 0 mod r.
One of the most concrete aspects of this connection is the following remark-
able formula [W] for the undecorated Verlinde numbers. Recall the top Chern
class ar, defined in (3), on the Quot scheme QC(G(r, k + r), d) compactifying
Mord(C,G(r, k + r)). We define the integer
t =
d
r
(k + r)− k(g − 1),
so that the expected dimension of QC(G(r, k + r), d) equals rt. The Verlinde
number V r,kg can be expressed as a top intersection
(14) V r,kg =
∫
[QC(G(r,k+r),d)]vir
atr.
Note that although d is arbitrary divisible by r, Proposition 1 ensures that (14)
gives the same answer for different values of d.
It can be easily checked in fact that (14) holds: the Vafa-Intriligator sum giving
the right-hand side integral can be immediately written as the elementary formula
(9). More satisfyingly, geometric arguments [MO2] relate the intersection theory
of the space UC(r, d) with that of the Quot scheme QC(G(r, n), d) in the large n
limit. The particular expression of the Todd class appearing in holomorphic Euler
characteristic calculations then recasts the Verlinde number V r,kg as the intersection
(14) on the finite Quot scheme QC(G(r, k + r), d).
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More generally, the decorated degree d Verlinde number
V r,kg,d (λ) = χ(U(r, d, λ),Lλ ⊗ det
⋆Θ1)
can be expressed as an intersection on the space of maps from C to G(r, k + r)
subject to incidence conditions with suitable Schubert cycles determined by the
multipartition λ.
To explain the result, we need more notation. To an individual partition λ ∈ Pr,k
we associate the Schur polynomial in the Chern roots x1, . . . , xr of the rank r
universal sheaf S∨p :
σλ(x1, . . . , xr) =
det(xλ
j+r−j
i )
V (x1, . . . , xr)
,
where V (x1, . . . , xr) is the Vandermonde determinant. We denote the ensuing class
aλ = σλ(S
∨
p ).
For a multipartition λ = (λ1, . . . , λn), we set
aλ = aλ1 · · · aλn .
Next, to a partition
λ : k ≥ λ1 ≥ · · · ≥ λr ≥ 0 in Pr,k,
we associate the conjugate partition λ⋆ ∈ Pr,k,
λ⋆ : k ≥ k − λr ≥ · · · ≥ k − λ1 ≥ 0.
The definition extends naturally to multipartitions λ.
Under the assumption
(15) kd+ |λ| ≡ 0 mod r,
we have the equality
(16) V r,kg,d (λ) =
∫
[QC(G(r,k+r),d)]vir
aλ⋆ · a
t
r.
Here t is taken to satisfy the dimension equation
|λ⋆|+ rt = (k + r)d− rk(g − 1),
which is always possible when (15) is satisfied.
In degree 0, formulas related to (16) were explicitly written down in [O] in the
process of establishing a level-rank duality on moduli of parabolic bundles. The
parabolic Verlinde numbers for arbitrary degree d have been less explored, hence
we will give an argument establishing (16) in the appendix.
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5.2. The Grassmann TQFT. The Verlinde numbers V r,kg are the closed invari-
ants
F (g) = V r,kg
in a TQFT which we now describe. We refer to this theory equally as the GL
Verlinde, or the Grassmann TQFT. The theory was introduced in [W], which we
follow closely, while expressing the main facts in standard mathematical form. The
fundamental vector space of the TQFT, together with a preferred basis, is
H =
⊕
λ∈Pr,k
Cλ.
Considering the Grassmannian G(r, k + r) and its tautological sequence
0→ S → O⊗ Cr+k → Q→ 0,
we think of x1, . . . , xr as being the Chern roots of the dual tautological bundle S
∨.
In this case, the Schur polynomials σλ(x1, . . . , xr) give a basis for the cohomology
of the Grassmannian, and we may view
H =
⊕
λ∈Pr,k
C σλ = H
⋆(G(r, k + r),C).
The numbers F (g) were written in the previous subsection as intersections on a
suitable Quot scheme. The general matrix elements of F (W us (g)) are integrals on
the Quot scheme as well. We consider the Quot schemes for all degrees at once,
setting
QC,r,k =
∐
d
QC(G(r, k + r), d).
As explained in the previous subsection, they come equipped with natural coho-
mology classes aλ, indexed by multipartitions. To start, for λ a multipartition with
s components, we define the matrix elements F (g)λ of the homomorphism
F (W 0s (g)) : H
⊗s → C
by
(17) F (g)λ =
∫
[QC,r,k]vir
aλ · a
rg+k
r .
We define the matrix elements F (g)
µ
λ in full generality by
(18) F (g)
µ
λ =
∫
[QC,r,k]vir
aλ · aµ⋆ · a
r(g+u)+k
r ,
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where u is the number of components of the multipartition µ. Note that only one
summand contributes to the infinite sum (18), since integration occurs only over
the Quot scheme of degree
(19) d =
|λ| − |µ|
k + r
+ r(g + u).
If this expression does not yield an integer i.e.,
(20) |λ| 6≡ |µ| mod k + r
the matrix element F (g)
µ
λ is 0. Letting µ in (18) consist of no partitions, we recover
(17).
In the last subsection we show that the numbers F (g)
µ
λ satisfy the requisite
gluing formula (1) of a TQFT.
5.3. Formulation in terms of Verlinde data. The closed invariants F (g) co-
incide with the undecorated Verlinde numbers V r,kg . Indeed, when λ and µ both
consist of no partitions, we obtain
F (g) =
∫
[QC,r,k]vir
arg+kr = V
r,k
g ,
which is a particular case of equation (14) for d = rg.
More generally, all matrix elements F (g)
µ
λ can be expressed as Verlinde numbers.
Assuming
|λ| ≡ |µ| mod r + k,
the degree given by (19)
d =
|λ| − |µ|
r + k
+ r(g + u)
satisfies (15). Hence, by (16), we have
(21) F (g)
µ
λ = χ(UC(r, d, λ
⋆, µ),Lλ⋆,µ ⊗ det
⋆Θ1),
In particular,
(22) F (g)λ = χ (UC(r, d, λ
⋆),Lλ⋆ ⊗ det
⋆Θ1) .
Remark 1. Comparison with the quantum cohomology of G(r, k + r). There is a
slight asymmetry between the roles of λ and µ in (18), with only the number of
components of the multi-index µ appearing explicitly in the defining integral. This
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reflects a twist in the metric F (W 02 (0)) on the Frobenius algebra H . The metric is
given by
(σλ, σµ) = F (0)λ,µ =
∫
[Q
P1,r,k
]
aλ aµ · a
k
r ,
which manifestly differs from the usual Poincare´ pairing∫
G(r,k+r)
aλ aµ.
Turning now to the algebra structure on H , we have
σλ · σµ =
∑
ν
F (0)νλ,µσν ,
where
F (0)νλ,µ =
∫
[Q
P1,r,k
]
aλ aµ aν⋆ · a
k+r
r =
∫
[Q
P1,r,k
]
aλ aµ aν⋆ .
The last integral gives precisely the structure constants of the quantum multipli-
cation on H⋆(G(r, k + r),C) in the Schur basis. Therefore, we obtain an algebra
isomorphism with quantum cohomology
H ∼= QH⋆(G(r, k + r)).
Being based on the Poincare´ metric, the quantum cohomology as a TQFT is dif-
ferent however from the Grassmann TQFT given by the numbers F (g)
µ
λ. This is
accounted for by the disparity between the two metrics.
Remark 2. Comparison with the SU(r) level k fusion algebra. A closely related
theory is the well-studied SL Verlinde TQFT described in [Bea] [TUY]. The
underlying vector space
H˜ =
⊕
ρ
Cρ
is labeled by heighest weight representations ρ of SU(r) at level k. Most concretely,
we think of ρ as equivalence classes of partitions λ ∈ Pr,k, where
λ ∼ µ
if λ and µ are obtained from one another by adding or subtracting the same number
of boxes from all rows.
In this basis, the matrix elements F˜ (g)
µ
λ of the theory are given as Verlinde
numbers
F˜ (g)
µ
λ = χ(Lλ,µ⋆)
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where
Lλ,µ⋆ → SUC(r, λ, µ
⋆)
is the level k determinant bundle over the moduli space of parabolic bundles with
trivial determinant. The degeneration formulas, known as factorization rules, were
proved in [TUY] using the connection with conformal blocks.
The underlying algebra of the theory F˜ admits a presentation which is similar,
but not identical, to that of the quantum cohomology of G(r, k + r) obtained in
[ST]. The precise result is explained in Theorem 1.3 of [KS].
Remark 3. Level-rank duality. Interchanging the rank r and level k, we obtain
a second TQFT from the enumerative geometry of the Grassmannian G(k, r+ k).
The vector space Ĥ of the theory has a basis indexed by k × r partitions
Ĥ =
⊕
λ∈Pk,r
Cλ.
The natural map
H → Ĥ, λ→ λt
sending a partition to its transpose is an isomorphism of TQFTs. Indeed, the
equality of the matrix elements
(23) F (g)
µ
λ = F̂ (g)
µt
λt
follows immediately from the explicit formula (32) of the appendix. In particular,
the closed invariants satisfy the symmetry
χ
(
UC(r, 0),Θ
k
r,M ⊗ det
⋆Θ1,M
)
= χ
(
UC(k, 0),Θ
r
k,M ⊗ det
⋆Θ1,M
)
.
This equality reflects a geometrically induced isomorphism
H0
(
UC(r, 0),Θ
k
r,M ⊗ det
⋆Θ1,M
)∨ ∼= H0 (UC(k, 0),Θrk,M ⊗ det⋆(−1)⋆Θ1,M) ,
proved in [MO3]. The symmetry of the open invariants (23) on parabolic moduli
spaces was similarly explained in [O].
5.4. Degeneration rules. To prove that the matrix elements F (g)
µ
λ satisfy (1),
we show the two degeneration formulas
(24) F (g)
µ
λ =
∑
ρ∈Pr,k
F (g − 1)
µ, ρ
λ, ρ,
and
(25) F (g)
µ
λ =
∑
ρ∈Pr,k
F (g1)
µ
1
λ1, ρ
· F (g2)
µ2, ρ
λ2
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for splittings
g = g1 + g2, λ = λ1 + λ2, µ = µ1 + µ2.
The argument is standard. Suppose first that a smooth curve C of genus g
degenerates to a nodal irreducible curve C0 with one node s, and let C˜ be the
smooth genus g − 1 curve normalizing C0. We write the class of the diagonal
∆ ⊂ G(r, k + r)×G(r, k + r)
as
[∆] =
∑
ρ∈Pr,k
σρ(x1, . . . , xr) σρ⋆(x
′
1, . . . , x
′
r),
where the primed variables are the Chern roots of the tautological bundle S∨ on
the second Grassmannian. For any top polynomial P (a1, . . . , ar) and sufficiently
large degrees d, the arguments of [Ber] show that
(26)
∫
QC(G(r,k+r),d)
P (a1, . . . , ar) =
∑
ρ∈Pr,k
∫
Q
C˜
(G(r,k+r),d)
P (a1, . . . , ar) aρ aρ⋆ .
The equation expresses the fact that the space of maps Mord(C0,G(r, k + r)) is
embedded in the larger space Mord(C˜,G(r, k + r)) as the locus of maps f with
f(s1) = f(s2), where the two points s1 and s2 lie over the node of C0. Thus
Mord(C0,G(r, k + r)) = ev
−1
2 (∆),
with ev2 denoting the evaluation map
ev2 : Mord(C˜,G(r, k + r)) → G(r, k + r)×G(r, k + r)
at s1 and s2. Intersections of a-classes on Quot compactifications of spaces of maps
are moreover enumerative in the large degree regime, yielding (26). Proposition 1
then ensures that (26) holds in arbitrary degree when the integrals are evaluated
against the virtual fundamental class.
If we let C degenerate to a reducible nodal curve with one node and two smooth
irreducible components C1 and C2 of genera g1 and g2, such that
g = g1 + g2,
a similar argument shows∫
[QC(G(r,k+r),d)]vir
P ·Q(a1, . . . ar) =
∑
ρ∈Pr,k
∑
d1+d2=d
∫
[QC1(G(r,k+r),d1)]
vir
P (a1, . . . , ar) aρ
·
∫
[QC2(G(r,k+r),d2)]
vir
Q(a1, . . . , ar) aρ⋆ .(27)
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Equation (27) is also argued geometrically in the large degree regime, where the
intersections involved are enumerative. The passage to arbitrary degree and the
virtual fundamental class is again via Proposition 1.
The degeneration rule (24) follows from (26) taking
P (a1, . . . , ar) = aλ · aµ⋆ · a
r(g+u)+k
r ,
with u the cardinality of the multi-index µ. Similarly (25) follows from (27) taking
P = aλ1 · aµ1⋆ · a
r(g1+u1)+k
r , Q = aλ2aµ2⋆ · a
r(g2+u2)
r ,
with u1, u2 being the number of components of µ1, µ2.
Appendix: Parabolic Verlinde numbers in arbitrary degree
In this appendix we check equation (16). Consider a multipartition
λ = (λp)p∈I
labeled by u points p ∈ I on the curve C, such that
(28) kd+ |λ⋆| ≡ 0 mod r.
We seek to show that
(29)
∫
[QC(G(r,k+r),d)]vir
aλ · a
t
r = χ(U(r, d, λ
⋆),Lλ⋆ ⊗ det
⋆Θ1),
where t is chosen so that
rt+ |λ| = (r + k)d− rk(g − 1).
On both sides of (29) we may consider the degree mod r, hence we may assume
0 ≤ d < r.
The left hand side of (29) is immediately computed by the Vafa-Intriligator
formula (6):
(−1)d(r−1)(r + k)r(g−1)
∑
sλ
(
exp 2πi
~n
r + k
)
exp
(
2πi
t− r(g − 1)
r + k
∑
i
ni
)
(30) ×
∏
i<j
(
2 sin
π(ni − nj)
r + k
)−2(g−1)
.
The sum is taken over all integer vectors ~n = (n1, . . . , nr) where
0 ≤ nr < . . . < n1 < r + k.
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We calculate now the right hand side of (29). Using the degree r2g tensor product
map
τ : SU(r, d, λ⋆)× Jac→ U(r, d, λ⋆),
we observe the splitting
τ ⋆Lλ⋆ = Lλ⋆ ⊠Θ
rk
1 .
Therefore,
χ(U(r, d, λ⋆),Lλ⋆ ⊗ det
⋆Θ1) =
(
r + k
r
)g
χ(SU (r, d, λ⋆),Lλ⋆) .
Write SU(r, d, λ⋆) for the moduli stack of parabolic bundles E with determinant
isomorphic to OC(dx), for a fixed x ∈ C \ I. According to [BL], the Euler charac-
teristic can be lifted to the stack,
χ(SU (r, d, λ⋆),Lλ⋆) = χ(SU (r, d, λ
⋆), q⋆Lλ⋆) ,
via the forgetful map
q : SU(r, d, λ⋆)ss → SU(r, d, λ⋆).
Here SU(r, d, λ⋆)ss ⊂ SU(r, d, λ⋆) denotes the open substack of semistable para-
bolic bundles.
We write SLr(U) for SLr matrices whose entries are regular functions on the
open set U ⊂ C. The quotient presentation
SU(r, d, λ⋆) = SLr(C − x) \A
par
d
was observed in [P]. Here, Apard is the “degree d parabolic affine Grassmannian,”
which splits as a product
A
par
d = Ad × Flλ⋆ .
In turn, Ad parametrizes pairs (E, ρ) of bundles E and trivializations ρ of E on
C \ {x} which extend to isomorphisms
det ρ : detE → OC(dx)
on the curve C. Moreover, Flλ⋆ is the product of flag varieties of type λ
⋆. The
group SLr(C − x) naturally acts on Flλ⋆ via the morphism
evp : SLr(C − x)→ SLr, for all p ∈ I.
It was shown in Remark 3.6 of [BL], that
Ad = γ
−1Aγ
for some element γ in GLr(C((z)) of order d. Here, we write A = A0 for the
degree 0 affine Grassmannian.
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The pullback of the line bundle Lλ⋆ to Apar splits as a product
Lkχ ⊗p∈I Nλ⋆p
The line bundle Lkχ overA is explicitly described in Lemma 9.2 of [BL], andNλ⋆p are
the Borel-Weil bundles on Flλ⋆ . The space of sections of the product of Borel-Weil
bundles is isomorphic to the product
Wλ⋆ = ⊗p∈IWλ⋆p
of representations of slr corresponding to the highest weights λ
⋆ = (λ⋆p)p∈I . We let
Vλ denote the representation of ŝlr of level k and highest weight λ. The sections
of the line bundle Lkχ are shown in Theorem 9.3 [BL] to correspond to V
∨
kω, where
ω is the fundamental weight
ω = e1 + . . .+ er−d,
expressed in terms of the standard coordinates.
Write
J = I ∪ {x}, µ = λ ∪ {kω}.
We regard µ as a multipartition indexed by J . The SLr(C − x) invariants in the
product
V∨kω,k ⊗Wλ⋆
are isomorphic to the SLr(C − J) invariants in V∨µ cf. Proposition 2.3 [Bea]. The
dimension of the space of invariants is calculated in Corollary 9.8 of [Bea]:
(r + k)r(g−1)
(
r
r + k
)g−1∑
~ν
Tracekω
(
exp 2πi
~ν
r + k
)
Traceλ
(
exp 2πi
~ν
r + k
)
(31) ×
∏
i<j
(
2 sinπ
νi − νj
r + k
)−2(g−1)
.
Here, Traceλ(g) denotes the trace of g in the SU(r) representation of highest weight
λ. In the summation, ~ν is an element of the weight lattice of slr whose standard
coordinates satisfy the property
ν1 > . . . > νr, νi − νj ∈ Z, ν1 − νr < r + k, and ν1 + . . .+ νr = 0.
The first trace was calculated in Proposition 5 of [MO3]:
(−1)d(r−1) exp(2πi(ν1 + . . .+ νr−d)).
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In fact, we will follow the argument in Proposition 5 of [MO3] from now on,
introducing new integer coordinates
ni = νi − νr.
We have
νr = −
1
r
∑
ni,
hence the trace in the kω highest weight representation rewrites
(−1)d(r−1) exp
(
2πi
d
r
∑
ni
)
.
The traces with respect to λ in (31) equal
sλ
(
exp 2πi
~ν
r + k
)
= sλ
(
exp 2πi
~n
r + k
)
· exp
(
2πi
νr
r + k
|λ|
)
,
by the homogeneity of the Schur polynomials.
Therefore, from (31) we conclude that, even in the absence of the selection rule
(28), the Verlinde Euler characteristic on the moduli stack
χ(SU(r, d, λ⋆),Lλ⋆)
equals
(−1)d(r−1)(r + k)r(g−1)
(
r
r + k
)g ∑
0≤nr<...<n1<r+k
exp
(
2πi
(
d
r
−
|λ|
r(r + k)
)∑
ni
)
(32) × sλ
(
exp 2πi
~n
r + k
)
·
∏
i<j
(
2 sinπ
ni − nj
r + k
)−2(g−1)
.
Furthermore, when (28) is satisfied, we have
d
r
−
|λ|
r(r + k)
=
t− r(g − 1)
r + k
+ (g − 1).
Equation (32) then matches the Vafa-Intriligator expression (30), as claimed.
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k
-WZNW fusion ring: a combinatorial construction and a
realisation as a quotient of quantum cohomology, preprint, arXiv:0909.2347.
[DN] J.-M. Dre´zet, M. Narasimhan, Groupe de Picard des varie´te´s de modules de fibre´s semi-
stables sur les courbes alge´briques, Invent. Math. 97 (1989), no. 1, 53–94.
[I] K. Intriligator, Fusion Residues, Modern Phys. Lett. A 6 (1991), 3543-3556.
[LeP] J. Le Potier, Lectures on Vector Bundles, Cambridge University Press 1997.
[LT] J. Li, G. Tian, Virtual moduli cycles and Gromov-Witten invariants of algebraic varieties,
J. Amer. Math. Soc. 11 (1998), 119-174.
[MO1] A. Marian, D. Oprea, Virtual intersections on the Quot scheme and Vafa-Intriligator
formulas, Duke Math. Journal 136 (2007), 81-113.
[MO2] A. Marian, D. Oprea, Counts of maps to Grassmannians and intersections on the moduli
space of bundles, Journal of Differential Geometry 76 (2007), 155 - 175.
[MO3] A. Marian, D. Oprea, The level-rank duality for non-abelian theta functions, Invent. Math.
168 (2007), 225–247.
[MS] V. B. Mehta, C.S. Seshadri, Moduli of vector bundles on curves with parabolic structures,
Math. Ann. 248 (1980), 205-239.
[P] C. Pauly, Espaces de modules de fibre´s paraboliques et blocs conformes, Duke Math. Journal
84 (1996), 217-235.
[O] R. Oudompheng, Rank-level duality of conformal blocks of GLn and SLn, arXiv:0805.1738.
[ST] B. Siebert, G. Tian, On quantum cohomology rings of Fano manifolds and a formula of
Vafa and Intriligator, Asian J. Math. 1 (1997), 679-695.
[TUY] A. Tsuchiya, K. Ueno, Y. Yamada, Conformal field theory on universal family of stable
curves with gauge symmetries, Adv. Studies in Pure Math. 19, 459-566 (1989).
[W] E. Witten, The Verlinde algebra and the cohomology of the Grassmannian, Geometry, topol-
ogy and physics, 357 - 422, Conf. Proc. Lecture Notes Geom. Topology, IV, Internat. Press,
Cambridge, MA, 1995.
Department of Mathematics
University of Illinois at Chicago
E-mail address : alina@math.uic.edu
Department of Mathematics
University of California, San Diego
E-mail address : doprea@math.ucsd.edu
